Introduction
In this paper we consider two problems: one from geometry, o n e from analysis.
Consider, here and throughout this paper, two connected, simply The proof of this theorem uses convergence properties of J;holomorphic discs similar in spirit to arguments of Bedford-Gaveau ?] a n d Gromov ?]. However, unlike the arguments of ?] and ?], in our setting the boundaries of the holomorphic discs lie on a surface that contains complex tangent p o i n ts. The pseudoconvexity condition on the pair (D 1 D 2 ) insures that the boundaries of the holomorphic discs are bounded away from the complex tangent p o i n ts and hence the discs can be shown to converge.
The problem from analysis is more classical. will be assumed to have smooth boundary and to be connected, simply connected, closed and bounded unless otherwise noted.
We wish to thank R. Schoen for many discussions on topics related to this work.
Lagrangian submanifolds and the Maslov f o r m
We will be considering the graphs of area-preserving maps D 1 ! D 2 , or equivalently, lagrangian surfaces in R 4 . The purpose of this section is to develop the requisite geometry. It is certainly possible to do this simply for lagrangian surfaces in R 4 . But, as we will see, it is not more di cult to describe this geometry in the more general setting of lagrangian immersions in K ahler manifolds. Moreover, in the general setting, the relation between the topology and geometry of the lagrangian immersion and that of the ambient manifold becomes clear.
Let X be a K ahler manifold of complex dimension n, w i t h K ahler form ! and complex structure J. L e t L be a smooth connected oriented manifold of real dimension n, and let`: L ! X be a lagrangian immersion. Let f 1 : : : n 1 : : : n g be an orthonormal coframe adapted to L it follows that: (i) f 1 : : : n g is an orthonormal coframe on L for the induced metric.
(ii) 1 Remark 1.1. When K ! X is trivial and the compatible connection r has no holonomy, a simpler de nition of the lagrangian angle is possible. Let be a parallel section of K ! X such that j j = 1 . F or a lagrangian immersion`the n-form` has unit length. Hence, we c a n
where dvol x is the volume form on L determined by the Riemannian metric induced by`. More generally, w e can de ne a lagrangian angle P on the Grassmann bundle P ! X of oriented lagrangian n-planes in TX , a s f o l l o ws: For each x 2 X and each unit lagrangian n-plane P x in T x X, s e t (x)(P x ) = e i P (Px ) :
( 
An obstruction to existence
We begin this section by computing the lagrangian angle and the Maslov form in the simplest situation { that of a simple closed curve i n The Maslov form is
For the remainder of the paper we will restrict our attention to Proof. Clearly,
On the other hand, by Proof. We h a ve already shown that if is a minimal lagrangian di eomorphism, then (3.7) holds. Conversely, the rst equation of (3.7) shows that is a di eomorphism and is area-preserving. The second equation shows that has a minimal graph. q.e.d.
Consider a family D 2 (t) t 2 (; ) > 0 of domains in R 2 with smooth boundary. Suppose that:
(ii) r 2 (t) t 2 (; ) are de ning functions for D 2 (t) that depend smoothly on t: Suppose, for t = 0 there is a minimal lagrangian di eomorphism 0 :
. That is, suppose at t = 0 there is a solution of (3 .7) and consider the question of the existence of solutions to (3.7) for t near 0: We observe that there are no solutions to (3.7) for t 6 = 0 unless We conclude that the boundary system (??), (??) also has index = ;1, zero kernel and cokernel of dimension equal to one.
Since the cokernel has dimension one, there is one condition on the right-hand side of (??), that is both necessary and su cient for the existence of a solution of (??). To express this condition consider the adjoint operator to the boundary system (??), (?? where the lagrangian angle is constant. Given the minimal lagrangian di eomorphism we can compute the lagrangian angle along its graph using any parallel unit (2 0) with unit area such that there is no regular solution of (4.5) whose gradient de nes a di eomorphism from the unit disc into this domain. He remarks that the conditions needed on the domains to insure regularity are of a geometrical rather than a topological or di erential nature. Using Proposition 2.2 it is not di cult to verify that Ca arelli's example satis es (4.6). In light of this the following questions are appropriate:
Question. Let Di erentiating (4.14) with respect to x k we g e t , The second equality follows from (4.15). The eigenvalues of the matrix det((r 2 ) ij )(r 2 ) ij are the same as those of the matrix (r 2 ) ij = Hess(r 2 ): Because the pair (r 1 r 2 ) is pseudoconvex, there is some a > 0 such that both eigenvalues of the matrix, det((r 2 ) ij )(r 2 ) ij + ( 1 ; a)(r 1 ) ij are positive. Since w ij is positive de nite, it follows from (4.17) that The proof of the theorem uses the continuity method as follows: The maps f t , de ned in (5.1), are minimal lagrangian maps, and so there is an orthogonal complex structure, J t 2 J 0 , such that image(f t ) is a J t ;holomorphic curve. Since the image of F t is the same as the image of f t , the distance between the boundary trace of F t and the J t -complex tangent p o i n ts of T 2 (t) i s bounded away from zero by a constant independent o f F t and t. Since the reparameterization is conformal, area(F t ) = area(f t ):
Hence, area(F t ) A: (5.5) For each t, the complex structure J t is an element i n J 0 : Thus we c a n choose a subsequence of the ftg that we denote ft g such that the J t converge smoothly to an orthogonal complex structure J t 0 2 J 0 : Consider the sequence, fF t g of J t -holomorphic maps. for more details). Hence the limit of the embedded boundary curves is embedded, and the limit holomorphic map, F t 0 is nonsingular along the boundary, @D of its domain.
By Theorem 5.3 we h a ve a family fF t : 0 t t 0 g of J t -holomorphic maps depending continuously on t: For each t we let Sing( where is a constant. We h a ve already remarked at the beginning of x4
that by de ning the lagrangian angle using di erent parallel unit (2 0) forms, any v alue of in (6.1) can be obtained. This is the observation made to produce a solution of the second boundary value problem for the Monge-Amp ere equation. Note however that the value of remains 
